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Entia non sunt multiplicanda
praeter necessitatem
Lex parsimoniae

Herewith is presented a model of macrofinancial leverage
dynamics in the short and the long run

The model facilitates analvsis of the Global Financial System, including
consistent estimates of its failure and survival, collateral ratio

and anchor leverage.

Database used: The IMF, Global Financial Stability Report,
statistical appendices 2003-13.

The research 15 ammed to make leverage modeling an important part of
financial monitoring and control.
These subjects are lively discussed by the BIS and the Fed.
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Table 1. Global Financial System in 2003-13 (US dollars, trillion)

Years | 2003 | 2004 | 2005 | 2006 2007 | 2008 2009 | 2010 | 2011 2012 | 2013
lomal 1283 447 [ 1518 1904 | 2297 | 2144 | 2322 2501 | 2559 2686 | 2828
Assets, 4,

Stocks,e. | 312|372 | 372 1508 (631 335 [472 |50 471 325 |66
Debrs,x' 320|379 589 |687 | 798 | 835 9L 1948 984 1901 |99.8
Bank 406 1496 (357 | 709 (¥R | 974 930 [100.1| 1104 117.0] 1204
assels, x.

Werld 362 1409 (445 | 482 (345 | 609 | 3TE [629 |69 |T722 | 7446
GDEY

{Source: IMF, Global Financial Stability Report, annual issues 2004-2014}
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The logistic model generalizes the Malthusian hypothesis of economic
development subject to the Ferchulsr feedback loops.

General approach to the logistic model of leverage dynamics

a) The leverage differential, 4](¢) . and 1ts level, /(f) are connected
in time via 4i = f[I(f)])dt;

b) RHS is decomposed to represent the coupling (1n terms of the
complex systems theory) between the leverage and its rate of change:
SU@I=1(0)* gli(D)]-

c) A Taylor senies expansion of g[(I/(1)] at {(t) = I", where g(I')=0:
eN=g)+' U -T)=—g'U'W +g'U"N=a-bl
leads to the logistic model of leverage dynamics in the short mun:

dl, =1 (a—bi)dr,

where a=—g'(I')" 51 b=—g'(I").

Russian (Soviet) experiments i 20-ties (XX century) with logistic curves
of economic rate of growth
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Table 2. Spreads, leverage, its change and rate of change n 20032013

Years Leverage, | Rate, Capital | Rate, Spread, Spread, Parameter,
ﬂ AT Intensity, Aw, fw a=fi=r | c=p=T | poo'/e
w
2003 3.97 (.252
2004 389 0.020 0,257 002 (.0207 0.0852 0.003
2003 4.08 (1.049 0245 | 0047 | -0.0169 0,066 ).0043
2006 ENE -.083 ) 267 r 1 (%9 11.0363 (0.1474 0.008%
007 | 3.53 056 0283 0.059 (L0273 0.1024 0.0072
2008 h4 (1813 0.156 = -0.449 | -0.1656 -).5844 -0 0468
2009 492 -.23] 0,203 | 0.30] (.039% (3838 0.0093
2010 454 0077 0220 0084 0.0242 0.1143 0.0031
2011 543 (1196 0184 0164 | -0.048] A).2163 0.0107
2012 312 £.057 0,195 0.059 (10146 0.0797 0.0027
013 432 0107 10221 0133 (0033|0173 | 0.0063
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Fig 1 shows Linear regression:
AL =0877-0.183], ()

with parameters estumated on given data. Assumption of negative feedbacks in the debt market made the
sign of parameter b positive, and the logistic model (2) was checked in a one-sided test of null
hypothesis, [, : b =0, againstits alernative /b > 0. The test results are given in Table 3.

bap- g

04

Fig. 1 Linear regression of leverage and its rate of change.
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Table 3. Characteristics of the linear model fit

eshimate standard emor ! statistic p value
1 0877112 . 0438707 1.99931 0.080602
h -0, 183159 ‘ 00045117 -1.93793 (L.0R86262

(General logistic model underscores the importance of feedbacks
but fails to provide a convincing description of a financial market.

Raymond Goldsmith . an American scholar, approximately half a century ago
proposed the study of financial morphelogy as an mstrument of understanding
factors of economic growth and development.
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Basic equations of macrofinancial leverage model consists of

the balance of states
Al = x() + e(r)
where A(r)i1s assets. x(r)1s debt and e(r)i1s capatal..

The aggregate balance of financial flows:
dA(r) = dx(t) + de(t)
has an interpretation as

Agoregate Saving — Aggregate Debt + Agoregate Investment

Basic financial rates of return:

ROE = o, and de(r) = pe(t)dr: .
ROA = pr; arnd dA(r) = g AT -
ROJF =7 and &Gx(f) = rFrx(rdr
and leverage () = A(r) S e(r) -

form rfre balanced finnancial mmmarfker eguation

o =r+ L —rif.
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Fig. 2 Global rates of retum (computed on the (/5K data)
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The leverage dynamics in the short run 1s governed by the following
differential equation:
dai(t) = (u— p)i(r)de,
which being added with a_feedback loop-
p—p=(u—r)l-I]
forms the nonlinear model with stationary leverage ! and initial state -

1(6)
Ii‘

dl(t) = (u—r)l1 —-—=¥(0)dt. 1(0)=1,.

The altermative representation of a leverage model 15

dI(H) = a[l —é!(r)]!(r}dr —[a— B I(O]I()dr

where I"'=K=9 Y

1s the stationary leverage:;

b p—r
a= j&—r 15 the WACC/refinancing (deposit) spread;
ak = o —r 1s the ROE/refinancing (deposit) spread:;
a3
b = u 15 the leverage drag parameter.
o—F
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Fig. 3 Phase portrait of the global financial system in 2008-09
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Mergers and acquisitions (M&A) market contains equivalent
strategies to purchase one of the two compames, with or without debt, L or U, respectively.

The compames have the same assets 4, = 4, = 4 and generate the same return AA.

Strategies are represented in the following table.

f TF=r+1
Buy company L —g =—e +pe =pe
Buy company U7 —g, =—4A +p,e; = uA
Borrow at » >0 +x —rx
—e=—A+x pe=uA-rx
e=A—-x p=r+(u—r)

As demonstrated the strategies give nise to a standard leverage equation:
p=r+(u—-ri.

In particular, if buyer’s loan equals to debts of company L. x=x; .
then the Modigliani — Miller, MM, Propeosition takes place.
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It 15 easy to notice that the widespread DuPont model:

nef income nefincome sales assefs Ad A
g= : = ® % . or p=—=x—=pl,
capital sales  assets capital A e

15 a particular case of a standard leverage equation, for r=0.

The popular rule-of-thumh: “A doubling of the capital a bank has will, all
else being equal, halve the bank’s return on equity (ROE) ™
{ The Economist, Sep 282 2013}

p_,4
2 pze'
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Collateralized loan with margin calls or a marginable loan:

H=L+M where A=H/M: : A-1=L/M _

and HszHIM:M!Lz%.

In the US stock marketr brokers/dealers are not allowed to borrow more than 100% of its own
capital, hence have their leverage A <2 . This regulation is explained by equation: A =4/(4-1)

Assets—to—Loans

st
4 i — Leverage
of — Assets—to-Loans
- L
2 3 4 5 Suerage
W. Shakespeare, The Merchant of Venice
A.Smirnov, Doctor of Economic Sciences, 16
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It is useful to compare the model parameters with rates like vield-to-maturity (YTM), ».
current vield, &, and mvestment return, #. As known, m terms of future values, the hnear debi
imeede]:

dx(f)={y=8x(dt (T
claims the equality of the rate return on vestment, ROJ, to the difference hetween YTM and
current vield, or dx/x=r=y-0. Since model (7Y refers to structure of the debt only wlale
t:r.]uatinn () establishes g-:m:ral relation among assels, -r.‘apil:al and ltabilites, debt inf:]uﬂ'lng, the

rate of retum on investunent, » = KOJ | 15 subject 1o the following condition;

r=y-d= {.i'—ljl'l[lu.l'—p] .
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The aggregate behaviour of creditors amnd borrowers, as illustrated in Fig. 4 drawn on the
empirical data, could be explamed i standard ecomomic terms.  The short run dynamics of
collective investors™ behaviour near stationary levernge is explamed via indicators of debt
supply. (g — ). and demand for debt, (p—r)/7. Their macrofinancial balance at stationary
leverage (9) takes the followimg form:

(p—ry/ ! =(u—r) (1.

II.I:I".F-_—- _ B 2007

F —— — -
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Fig. 4 Attractor and repeller of the global finance in 2007-038

A.Smirnov, Doctor of Economic Sciences,

7.11.201
0 016 Professor

18



Crverall, different debt market regimes 1 the long run are represented. consistently and
comprehensively, by the family of logistic rajectories;
F{:}:K{H{%—I]ﬂp[—m”’ (12)
where cach trajectory /(1) 15 apccif:li::d by its mital state./,. and spread, a. Altematvely, any
solution (12) can be wrilten as a weighted harmonic average' of initial leverage, /,, and
stationary state, K-
=l K (1=exp[-at])+ K exp[-at]}™ (127,

The family of trajectories (12) with empirieal parameters:)’ =K =5.27; I'=645; ' =452,

a =ay, =00598; g, =0.1656 15 represented 1n Fig. 5 . Dillerent market regimes within the

07.11.2016 A.Smirnov, Doctor of Economic Sciences,

Professor

19



Leverage

- Stationary Leverage
— Stable Leverage

Stable Leverage

- [ebt Deflation
=— Bubble
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Leverage dynamics 1s usually “contaminated™ with a multiplicative

noise as 1.

dL(t)=L(){{a—-bL(t))dt +cdW (1)},
i

where o s the volatility of leverage, zW(t) = Idﬂ’l is the standard Brownian
0

motion: dW(f) = &,(df)*’ . & ~ niid(0,6).
Since dW*(f) =dt . the standard Brownian motion is a nonstationary process.
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The “strong™ solution of the stochastic logistic eguation
(Sciadas, 2010):

1) — I, Krexp[{a —05c*)r+oz]

Ktal _[ exp[(a —0.5c)u + oz, |du
o

For zero volatility, ¢ =0 , solutions of the deterministic and the
stochastic models are coincaded.

o
1 T ] 1

The expected rate of growth of the leverage 1s also the same:
1 jdL, 1

— =a(l——L).

dr< L, > d=x%
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Stationary forward Kolmogorov-Fokker-Plank eguation

.

_ [i(a- 19 (o2 p)]=
S (a—bDpM]+5—[" " p(D]=0

can be easily solved for the pdf ., p(/), of the random leverage process L(r).

There are two solutions to the stationarv Kolmogorov eguation

(Pascuali, 2001)

A mrivial solution:

p(l)=a(l)
which 1s a & — Dirac distribution. It 1s associated with the stationary
state, 31‘ =0.

A noen-trivial selution 1s a pdf of gamma-distnbution of leverage:

_ BT e
p(f}—riajf e 7.

Gamma distriburion 1s defined for positive parameters of the shape

. 2a 25
and rate (scale). respectively: a=—7—1: F=—
o o
Hence it exists on an interval: 0 < o® <2a.
07.11.2016 A.Smirnov, Doctor of Economic Sciences,
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Parameters of the random leverage

a, spread 0.04

o ., volatility 0.14 0.2 022
g . variance 0.02 0.04 0.05
@ . shape 3 1 0.6
B . growth rate 1 0.5 0.4
/:5. . scale 1 2 2.5
{i:? The Lyapunov | —0.02 0 0.01
exponent

I. . expected 3 2 1.5
value

Mode[ L] 2 0 _

Curvel: ¢ —a=002-0.04<0 isa peaked gamma distribution of leverage:
Curve2: o —a=0.04—0.04=0 is an exponential distribution of leverage:

Curve 3: ¢ —a=0.05-0.04>0 is a J-shaped gamma distribution of leverage.

A.Smirnov, Doctor of Economic Sciences,

07.11.2016
Professor



07.11.2016

:

0.5

0.4

03

02

0.1

L L n

3 4+ 5 & K

A.Smirnov, Doctor of Economic Sciences,
Professor

25



The long run stability of a stochastic leverage 1s defined by the
Lyvapunov Exponent:
(A)= P ]E(a — 2601 exp[—BI]dl .
()

(Ay=(a-2bLy=a-2b(L)=a- ) ; 7 y=c-a.

Since “The market can stay irrational longer than you remain solvent”,
according to a popular expression accredited to J.M. Keynes.
investors’ confidence 1n the long mun market solvency could be measured as

iy

‘ stability or confidence:.

',r"'—(CF —a)

0: the svstem neutrality:
J instability or theloss of confidence.
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The expected value of a gamma-distributed random leverage is

o0 2

V= [1phai=% =k -2
a2

while its mode for & >1 1sequalto

Mode[L] =“’£—;1 - K—% |

It is important to notice that stability of a deterministic system does
not imply stability of its stochastic analogue. Hence the random

leverage dynamics could differ substantially from the deterministic one.

Deterministic model is valid ol<a K
Stochastic model is stable ol < o’
)
b
Stochastic model is instable a<o® <2a (0.K/2]
Noise induced chaos 122 0
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Failure, Survival and Hazard Rate for the Global Finance

A concervable answer to these questions could be found via computation of standard hazard,
fallure and survival functions associated with asymptotical leverage distribution. Considering
random leverage as charactenstic “lifetime™ of a debt system existence its probability density
function, p(/) =P/ < L=[+d[], would imply miormation about mstantaneous unconditional
faillures 10 a process of debt redemption. Henee nnconditional probability of a failure to radeem
debt outstanding 15 given by the leverage cumulative distnbution, CDF(J)="Pr[L =I].
Accordingly, the system would survive if global debt is redeemed with probability
S(N=1-PdL =i]="PrL =]for any particular leverage, [ =[0.00). Survival function, S(7), as a
measure of debt sustamability, 15 evalnated under boundary condition S(1)=1. Relabihity
considerations imply, as well, that conditional mstantaneous rate of default n the global debt
redemption 15 measured by hazard rate, A(/):

h(l)=p(1)/1-CDE() = p(1)/S()  (23) .

-

A.Smirnov, Doctor of Economic Sciences,

07.11.2016
Professor

28



07.11.2016

Probabiities

— Failure Function
— Survival Function
e PDF

— Hazard Rate

: E ..3 .4 M 5.

Fig. 7 Failure, survival and hazard functions of stationary leverage distribution’

Table 4. Empirical scenario of leverage dvnamics

Leverage L =1.062 [y =2.18% =245 L=40 K =527
Failure rate 5.637 0.215 0.182 0.087 0.053
Hazard rate 5.692 0.436 0.414 0.357 0.338
Failure function | 0.0 0.507 0.561 0.756 0.843
Survival fimction | 1.0 0.493 0.439 0.244 0.157

*Parameter [, is estimated as the mode of stationary gamma distribution.
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In the long run aggregate borrowers are assumed taking additional debts contingent on a
current weighted average cost of capital. x(1), and on expected rate of investment return, » . thus
on spread, a= u(1)-r. In other words, for any viable leverage the expected rate of return on
equity, p(/) , 1s an mdicator of the long run supply of debt:

P =r+(u-r)i: p=pu1) (4.
Simultaneously, but mdependently of borrowers, the collective of debt holders (creditors) are
expecting to receive a positive return on assets, given the current rate of return on equity,
o = p(1), and another spread, ¢ = p(1) —r. Note, that the mnverted leverage scale, I preserving
measure of debt follows changes in capital, implicitly,'” and capital 1s the factor of the debt
demand. Hence the long run demand for debt, measured in the inverted leverage scale, 15
mdicated as:
A =r+(p-ni"; p=p) (25).

A.Smirnov, Doctor of Economic Sciences, 30
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w07 = o) (26).
The posttive root of equality (26), [,, by ifs economuc meanmg, defines the anchor

leverage:
- { b
l=K® ={—] (27)
b
Mode[L]=1, (28).
In its turn, equahty (28) imphes, with necessity, that the expected vanance 1s no larger than
its cntical value:
o’ =a—ab (29) .
07.11.2016 A.Smirnov, Doctor of Economic Sciences,
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Probabilities
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—— Hazard Rate

Leverage

Fig. 8 The peaked gamma distnibution of leverage

Table 5. The “optimistic” scenario of leverage dynamics

Leverage =10 | I,=218*[1,=323 [ (L)=373 | K=527
Failure rate 0.146 | 0205 0181 | 0.155 0.097
Hazard rate 1578 | 0.290 0362 | 0388 0.444
Failure function | 0074 | 0294 05 0586 0782
Survival function | 0.926 | 0.706 05 0.414 0218

*Parameter [, 1s estimated as the mode of stationary gamma distribution.
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Fig. 9 Gamma distributed leverage and its anchor
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Development of financial markets 1s mtertwined with evolution of real markets. As a small step

towards a umfied macrofinancial-cum-macroeconomic theory we propose to solve this general

problem as an estimation of the expected aggrepate collateral ratio. Collateral ratio /-, 15 a

measure of correspondence between total financial assets and real resources (approximated by
the world GDP) that can be decomposed as

ly=l*q,

(30)

Table 6. The Global Collateral Ratio components

2003 | 2004 |2005 | 2006 |2007 |2008 |2009 |2010 |2011 |2012 |2013
397 389 | 408 (374 |353 |64 492 |44 |54 512 | 452
g |087 [091 |084 (105 |119 |055 |082 |083 |067 073 |0.54
I | 345 |354 | 342 393 |42 352 |1 403 | 399 |364 374 | 3.9
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world GDP. Formally, this statement 1s equvalent to the assumption of global equity-to-GDP
coefficients, Q(r) , following the Ormnstemn-Ulenbeck stochastic procass:
0(t)=1+(Q, ~Dexpl—t]+ |, explalu—DF @) (31

where 1.0 15 the long run average', & 1s the mean reverting parameter. and o 1s the diffusion
parameter. Some realizations of this process with O, =087 ;x=05;0 =0.055 are represented
n Fig_ 10.

. 1 n . 1 1 . . . 1 . . . 1 . . . 1
b a -] B 10

Fig. 10 Global equity-to-GDP realirahons
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* J. Hussman used the ratio of nonfinancial market capitalization to nominal GDP as a measure of long
run valuation on the US equity market (Weekly Market Comment, September 12, 2016). His mdex 1s,
evidently, qualitatively the same as the global equity-to-GDP coefficient, g . In the log scale Hussman's

mdex fluctuated around 1.0 for the last 20 years.

2,00

Hussman Strategic Advisors

1.00

o050

Data: Federal Reserve Economic Database, Stand ard & Poors, Robert Shiller
Some missing values in pre-wor doto imputed using proxy variebies highly
correlated in ovaiabie data.

0.5 -

2242883588383 :2338:3:2388B88888RRR3
—— Markat capitalization of nonfinandial aquities / nominal GDP (log scala)
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An important asymptotic mvanant between capital and debt might be estimated in the global

financial market. Note, that collateral ratio (30) has an altemative expression as / :—{*%
X
{1.5
where E:E*E:L ‘Since J,=K" and lim__ 0 = ‘E , from an asymptotical
r e x [-1 -1 K" -

relation for the collateral ratio, /(1)

e. K% x
I ¥[=]= H— E3)
Vi @
it follows that
[F]=K"-1 (33)
e
A.Smirnov, Doctor of Economic Sciences,
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Logistic leverage model seems to support conclusions of J. Hussman (Weekly Market
Comments, 2016) about market speculation fostered by the policy of quantitative easing, QE.
The latter, decreasing almost to zero the long term ROI, convinced investors to equate current
yields to YIM that disturbed their expectations of future investment returns. Meanwhile
expected retums might remam positive only due to overvalued financial assets. hence increased
leverage. These processes, as seen mn Fig 5, are associated with the upward mowving stable
leverage (yellow curve), qualitatrvely simlar to trajectory of a discount coupon bond. Under
particular conditions it could be made compatible with the lagged convex trajectory of Minsky’s
bubble (red curve). This i1s tantamount to acceleration of the Ponzi game among investors,
discerned by the short run market internals. Though the latter are absent in our model 1t

explamed the long run market tendencies mn a way simlar to Hussman’s analysis.

Show [pl, p2]
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Another mteresting aspect of the stochastic logistic model application nught be menfioned
about briefly. In the paper the leverage volatility was considered constant because of

mmpossibility to differentiate among numerous factors mfluenced that parameter. On the other
hand, successful monefary reforms mught lead to transformation of the enfire structure of

diffusion: namely, linear noise m the rate of change, oL(1)d(f), would make quadrafic the
component, gL' (1) (7) , in the logistic SDE (18). In that case a divergent deterministic system
(wilh negative spreads) could have Deen stabilized by addmyg random noise (o (e sysleny as 1l
was rigorously proved (Mao et al, 2002). Though the economic substance of these processes 1s
vet unclear, exploring posstbilities of bubbles negation 1s worthwlule of further research
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