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Tau-function

Hereafter we work with the i— KP hierarchy from K. Takasaki and T.
Takebe, Integrable hierarchies and dispersionless limit, Rev. Math.Phys. 7
(1995) 743-808. Tau-function of the hierarchy is a function 7 = 7(t)
depended on the infinite set of time variables t = {t1, t2,...}. There is also
contains /i as a parameter but we will not write it explicitly. Below we use

the notation
7_[zl,...,zm](t) _ eﬁ(D(zl)—i-...—i-D(zm)) T,

where

D(z)=)_ Z;k Ok, Ok = 0/t (1)

k>1
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Hirota relation

Let A > 0. A function 7 is called 7-function of A— KP hierarchy if for any
71, 2, z3 it satisfies i—Hirota functional relation.

(21_22)7-[21722]7-[23] + (22_23)7-[22723]7-[21] + (23_21)7-[23721]7-[22] =0. (2)
For h = 1 it gives the ordinary Hirota relation.

Theorem
1. A function T is T-function of h— KP hierarchy if and only if for any z;, z,

[z1] [z1,2]
hoy log % = (- z) (TT 1) . (3)

T[Zl]T[Z2] N
2. A function 7 is T-function of h— KP hierarchy if and only if

H (2 — z;) - rlavoZmlzm=l = det ((Zj—hal)k_lT[zf]> (4)

o 1<j,k<m
1<i<j<m

forany m > 2 and any z1,...,2zm.

v
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Schur polynomials

For description of 7-function we use Schur polynomials. An elementary
Schur polynomial hy(t) depends from natural number k and infinite
number of variable t = (t1, tp,...). It is defined by the generating series

exp(D_ tiz¥) = he(t)Z".

k>1 k>0

An general Schur polynomial sy(t) depends from a Young diagram
A=[A1,A2,..., \g] of degree [A\| = A1+ o+ -+ X witha l=4(N) >0
rows of positive lengths Ay > Ao > --- > Ay > 0.

The general Schur polynomial is the determinant

t)= det hy i :(t)
sx(t) LY +(t)
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Formal tau-function

Let us introduce a deformation 82 of the 9k = 0/0tx

k
-1k O . .. k9,0
h _ k I k— I 2
h=2 " 2 ,{17 hz O(r7). (%)
=1 P

In the KP theory the first variable t; is distinguished. Thus we will consider
7-function as evolution from a function 7(x,0) of one variable by i- KP
flows

7(x,0) = 7(x,t) = F(X)7(x + t1, t2, t3,...).
A formal 7-function of i— KP hierarchy we mean a formal series for a
function 7(x, t) of this type, that satisfy the Hirota equation by t for any x.

Our first goal is a construction of formal 7-functions of i— KP hierarchy
from f, 7(x;0), and Cauchy-like data

T (x; 1) o
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Theorem

Let h # 0, and f(x), ck(x), k =0,2,3,..., be arbitrary infinitely
differentiable functions of x (with co(x) being not identically 0). Put
cg(x) = co(x) and

-1
ex(x) = (co(x)) = 1<i<jite(/\) [Z(h)qu_lafc/\,-—i—i-j—k(x)
SWSHA 2o

for Young diagram \ # (). Then the series

T(xit) = > aa(x)sa(t/h)

A

is a formal solution to the h-KP hierarchy, where

k
7(x:0) = olx), Ir(x;t) ‘t:o: Salx), k=1

and ¢; = Oxco — cpOy log f.

(7)
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h— KP hierarchy

For many applications in physics and mathematics one needs to deal with
logarithm of the tau-function rather than with the tau-function itself. Let
us put

F(x;t) = 12 log T(x; t). (8)
Then the Hirota equations on 7(x;t) go to i— KP hierarchy on F(x;t).
That is
A)a@)F _ 1 A(21)0xF — A(22)0<F 7 ©)
Z1— 2o
where WD)
A(z) = 67_1 ) (10)

h
For i = 1 this is the ordinary KP hierarchy.
For h = 0 this is the dispersionless KP hierarchy.

Our goal is a formula, expressing any solution of i— KP hierarchy by

Cauchy-like data fi(x) = OFF(x; ti, to, .. .) .
t=
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The h-KP hierarchy in terms of 8,’3

Define some combinatorial constants I5;j(51, ...,Sm) as the number of
sequences of positive integers (i1, ..., im) and (j1,...,Jm) such that
hi+...+im=1ij+...+jm=Jjand sx = ix + jx — 1. Put

( 1)m+1U

Pii(st, ...,5m) = .
... Sm

Pj(sl, ey Sm)-

Theorem

The h-KP hierarchy is equivalent to the system of equations

NNF=>"" 3" Pj(st,....sm)OOLF ... 00 F,  (11)

m>]_ Sl oo sm>1
S1+...tSm=i+j—m

for the function F = F(x; t), where 0 = 0.
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Combinatorial constants

Let K;(/*,...,I") be the number of partitions of a set of / elements into

ordered groups of /*,..., /" > 0 elements.

Define the constants P! . SLeeeSm
el \o oy

m, {ir},{s/},{l:} by the following recurrence relations:

51...5 S1...5
1) PZ’b( ]_1m ) :P,-l,-z(sl, ,Sm) and P27i2< /1/,:1 > =0,

) from integer positive

m

if 1] > 1.
j=1
K X1 ... Xy . i 51 e Sm ,V(kl ,,,,, km)—1 i
2) Py . < ViV > =2 Py ( Wl > kel
X Ky (L. 1) Py kg (51 - 5%1) K (R 1Y P,k (ST sy ),

where v(kq, ..., kn) is the number of positive numbers between k; and
n

[ki, ..., kn)] = ] max{k;j,1}.
i=1
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The summation is carried over all sets of integer numbers such that
_ (1 1 2 2 m m _ i
(X1 X0) = (STs - SpysSTseesSmyne-osSTseesSpr)y S = g si

ry) = +1, AL E+1, 2 +1, P +1, 0+ 1),

rm
m

nj . r—1 m nj )
E=> 0 (si+h)=> i > k=i, Y s=k+s
j=1 j=1 i=1 i=1

i=1

The h-KP hierarchy is equivalent to the system of equations for r > 2

h h h S1---5 h 5k Im
op ... OLF =Y > P,-l_._,-r( /1.../: )alale...ﬁ I F

m>1 si+h+...4sm+Im
=1+ -+
1<s;1<<r—-1

(12)

v
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Operators 8;? and corresponding variables tf\l

A Young diagram A = [A1, Az, ..., A¢] with rows of lengths A1, Ap, ..., Asis
described by r; = card{j|\j = i}. Denote by p(A) = A1 X2... \¢ and

o(A\) = T[] r!. We put also 9} = 9} 8)\2, e ,Gf\ie

n>1
Let us consider the basis
A
my(x1, X2, ..., Xp) = le @ x
(n—

SESn

in the space of symmetrical polynomials from xi, xo, . ...

These polynomials are linear combinations from symmetrical polynomials
ti = £ >.; xK. This gives new polynomials mj(t) from t = (t1, t2, . ..).
The first few functions m, are:

m(l)(t) = t,
m(2)(t) = 2ty, m(lz)(t) = % t12 — to,
m(3)(t) = 3t3, m(lz)(t) = 2trt; — 3t3, m(13) (t) % f — bty + t3.

(13)
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Let us put
B a(}) 2()
ty i= ——= A"\ my(t/h). 14
The first few i for (\) = (11272,...) are:
ty =t

thy = to, tlzy =t — 2hty, (15)

t(h3) = t3, t(hzl) = tot; — 3hts, t(h13) =t} — 6htaty + 6R%t.

Any formal series F(t) = F(t1,to,...) has a representation in form of

formal series
t
_A (16)

Zax
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Construction of formal solutions

Consider now any family of infinitely differentiable functions

flg(x) = fl(x) (k=1,2,...).

For other Young diagrams A we put

S1...5m ) .
AOED SRS DR Gl LIAC R AN e

m>1 si+h+...4+sm+Im=IA|
1<s;1<<eN)—1

Pﬁ 51...5m _ i 51...5m
A\ L, A A\

for A = [)\1,... ,)\z].

(17)
where
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Theorem

For any h and any family of smooth or formal functions
f={fo(x), A(x), fa(x), - ..}
there exists a unique solution F(x;t) of the h-KP hierarchy such that

F(x;0) = fo(x) and A[F(x; tl,tg,...)‘tzoz fe(x).

This solution has the form

F(x;t) = fo(x) + Z A) th.

a1 o) ’
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