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1. Motivations

The space of all versal deformations of the 14 exceptional Arnold's

singularities is one parameter extension (t-extension) of type IV
domains, i.e. SOp(2,n)/K.

K. Saito’s problem (1980-th): How one can extend orthogonal
modular forms onto this non-classical homogeneous domain?

V. Gritsenko (2008): A non-trivial t-deformation exists for all
modular forms except one example, the Borcherds ®15.

K. Saito: how can we extend possible automorphic discriminants of
these exceptional singularities onto the corresponding t-domain?
(This work is in progress.)

“Blow up of Cohen—Kuznetzov operator and an automorphic
problem of K. Saito”. Proc. of RIMS Symposium “Automorphic
Representations, Automorphic Forms, L-functions, and Related
Topics’, Kokyuroki 1617 (2008), pp. 83-97.
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2. t-deformation of the type IV domain and Saito’s problem

Let L be a quadratic lattice of signature (2,n) (n > 3). The
t-deformation of the homogeneous domain of O(2, n) is

Di = {[w] € P(LRC) | (w, W) > |(w,w)| =t}T.

Definition. A t-modular form of weight k and character x for an
arithemtic subgroup ' < O™"(L) is a holomorphic function
F: (Dj)* — C on the affine cone (Dj})*® over D} such that

Flav) =a % F(v) VaeC* and F(gv)=x(g)F(v) Vger.

For t = 0 we have the type IV domain D; and O* (L) forms.
Example: w € (Dj)*® is a modular form of weight —2.

Saito’s problem. To construct a t-deformation of a
O™ (L)-modular form of weight k.
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3. The modular action on t

The tube realisation with a hyperbolic lattice L1 = u™/Zu (u? = 0)

H' =H (L) = {(Z:t) € (LRC)XC | (Im Z,Im Z) > |t‘_2Ret}+

The relation with the projective model Dj is given by the following

correspondence
t=(Z,2)
2
(Z;t)—»v= Z € Dj, t=(w,w)if we Dj.
1

The fractional linear action of O (L ® R) on the tube domain !
and the automorphic factor j(g; Z, t) of this action are defined as
follows
t'—(2',2")
2
g-v=j&zZt)| 2z |=j&Zt)ellZ1)
1
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4. t-deformation of O(2, ng + 2)-modular forms

Theorem (V. Gritsenko, 2008) For any modular form (except the
Borcherds form 1, ) there exists its non-trivial t-deformation.

The case of k > . Let L = 2U @ Lo(—1) be a lattice of signature
(2, ng + 2) where ng =rank Lo >0, L1 = U&® Lo(—1) and

F(Z)= Y a(l)exp(2ri(l,Z)) € M (O (L),x).

IeLx, (1,1)>0

) (77.[.2t2)u ]
F(Z; (2)+) Z TV exp(2ri(l, Z))

70
leLs u>1 2

is a t-modular form of type ME(O(L), x).
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5. ng = —1: t-deformation of Cohen—Kuznetsov-Zagier

Degeneration of Theorem for ng = —1. Jacobi type forms J,’;m
TeH, teC,
ar+b t K . ct?
= d 2 t
g oy a) = (em ) e 2mim = g)e(r. 1)

Let f(7) € Mk(SL2(Z)). Then

oo
(2mi)™(k—1)!
m7”13+m 1))| ™)(r) £
m=0
is a Jacobi type form of weight k and index 1. This lifting gives the
generating function for the Rankin—Cohen brackets:

of (7, t)pg(T, —it) Z[f g t”,  [f,&lar € Mis szt
>0
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6. Algebra with two operators

In the ring M,[Gy] we fix two natural operators:

D, G20 : M*[Gz] — M*[Gz]

D = -9 = q% (q = €™7) and multiplication by

Go(7) = —D(log(n(7))) = —% +) oi(n)g".
n>1

In particular, D(Gy) = —2G22 + %G4. We have the quasi-modular
operator
Dy = D + 2kGoe : M, — Mk+2

and its iterations

Di,n = Dyyo(n-1)© 0 Dky2 0 D : Mk = Mii2p.
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7. The main part of the n-th iteration of Dy

Proposition. The major quasi-modular part Ey , of Dy , is given
by the following sum

: n'T(k+ n) _
Ei,= 2G))"VDY - M M op.
k, ZV!(H—V)!F(/(—{—V)( 2) k — Mg42

v=0

(We use I-functions in the formulation in order to apply the same
calculus in the case of negative or half integral weights.)
Proof. Using only one relation

D(Gye) = —2G2 e +G,- D mod M,, (1)

we obtain the proof

5

Dyi21(Ek,) = Exj41 + 3

G4 . Ek,l—l = Ek,l+1 mod M*.
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8. Automorphic correction: Gritsenko, 1996

For m = 0 a Jacobi type form of index 0 is a formal power series
over the rings of modular forms: Jf ; = Mj;..[[t]]. We can define
the following operator of automorphic correction (Gritsenko, 1996)

ACp : Jf = JEg
ACpm (1, t) > e B meEo(r 1) = 3™ i o(T)t" € S 4
n>0

where i n(7) € Miyn(SL2(Z)). As a corollary of Proposition
above we get Cohen—Kuznetsov—Zagier lifting:

VEe(X
M, VelX) JTio

Vm l e—262X

JTy 1.
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9. t-Jacobi deformation of SL,-forms

In fact,
Ek,n n 2G, X
Ve(X) =1+ STk X" = %Xy (X)),
>1
where v
Vo(¥)=2_ ey X"

If X = —472mt?, then the last series defines the CKZ-operator
from My(SL2(Z)) to Ji ,
D¥(f) t
= Y7 XV i
Vp(X)(f) VE>O DT (k + 1) € Jkm

The same algebraic construction works for Jacobi modular forms!
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10. Jacobi forms in many variables

Let Lo > 0 be a positive definite even integral lattice.

Definition. A Jacobi type form of weight k and index m with
parameter t (t2 in the previous definition!) with respect to an even
integral positive definite lattice Lo is a holomorphic function
¢(7,3:t) on Hj x (Lo ® C) x C which satisfies two equations

ar + b . t
ct+d’ cr+d’ (cr +d)?

¢( ) =

- c(t+(3:3))
(CT + d)k exp (ﬂ-lmm’i—kd

)o(r.5: t)
for any (25) € SLo(Z) and for VX, pu € Lo
(7,3 + AT+ p; t) = exp (=mim((A, \)T + 2(X, 3))) &(7. 3 t).

For t = 0 one gets the Jacobi forms of the lattice index Lo(m).
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11. t-deformation with the heat operator

We put

0 0 0 P a2
H= 25% 50[875], G2 = —8m mG27

where Sy is the Gram matrix of Lg. Then we have
Hy = H — 8m*m(2k — ng)Gae : Jk.m(Lo) — Jkr2.m(Lo)-
We make the following changes in the previous algebraic structure:

D s H, ka—%, Go s G} = —8m2mGoy.

Changing the structure constants in the previous proof we get a
t-deformation of Jacobi modular forms ¢(7, 3) exp(27miw) € Ji 1,

vE()<) t
Jtom — Jk,Lo,m
e—265X
VH(X)

t
Jk,LQ,m'
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12. Applications

1) The algebraic method works for any modular form f(7) or Jacobi
modular form of negative, zero, half-integral weight or real weight.

2) The method gives CKZ-lifting of quasi-modular forms:

V(X)) (G)=1-2 mxv JE X = (2i 2
p(X)(G2) = Z]/| =1 € Jo.m» X = (2immz)~.

3) The t-deformation gives interesting operator constructions for
Siegel modular forms of genus 2 and for SU(2, 2) or Sp(2,2) forms.

4) For the case of singular weight k = 7> we have another

construction of t-deformation. It gives a strange (quasi-modular)
t-deformation of Siegel theta-series. It would be interesting to
interpret this deformation in terms of a “t-deformed” (7) heat
equation.
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